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Abstract 

We derive sufficient conditions for the mixing of all orders of interacting 
transformations of a spatial Poisson point process, under a zero-type condition 
in probability and a generalized adaptedness condition. This extends a clas- 
sical result in the case of deterministic transformations of Poisson measures. 
The approach relies on moment and covariance identities for Poisson stochastic 
integrals with random integrands. 
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1 Introduction 

The ergodicity and mixing properties of Poisson random measures under deterministic 
transformations have been considered by several authors, cf. e.g. [8], [6], [13]. This 
paper investigates mixing beyond the deterministic case by considering interacting, 
i.e. configuration dependent, transformations of Poisson samples. 
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Consider a a-compact metric space X with Borel cr-algebra B(X), let fl x denote the 
configuration space on (X,B(X)), i.e. 

n x = {00 = (Xi)? =1 C X, x t ^ Xj Vi^j, N G N U {00}} , 

is the space of at most countable locally finite subsets of X, whose elements u G fl x 
are identified to the Radon point measure 

u>(dy) = ^e x (dy), (1.1) 

where e x denotes the Dirac measure at x G X. The space Q x is endowed with the 
Poisson probability measure n a with a-finite diffuse intensity a(dx) on X and its as- 
sociated a-algebra T . 

Given a measurable random transformation 

r : n x x X — vX, 

of X and an element u of Q x of the form (11. ip . let t*(uj) denote the transformation 
of u by t(cu, •) : X — > X, i.e. 

n(u) := ^e r (^,x) (1-2) 

is the image measure of uj(dy) by r(cj, ■) : X — > X. In other words, the transforma- 
tion 

n-.n x — ► n x (1.3) 

shifts every configuration point x G a; according to x 1 — )■ t(u,x), and in the deter- 
ministic case r* is also called the Poisson suspension over r : X — > X, cf. § 9.1 of 

H- 

Recall that a measurable transformation r* : f2 x — )• f2 x is said to be mixing of order 
m > 2 if 

lim E[F X o r* 1 - • • • F n o r^"] = o r, fcl -] • • • E[F n o r^} (1.4) 
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where k i>n := p 1)fc H hp i>fc) for any family (pi, n ) n >i, . . . , (p m , n )n>i of strictly increas- 
ing sequences (i.e. pz, n +i > P/,n, n > 1, i = 1, . . . , m), and for all F 1; . . . , F m in a dense 
subset of L 2 (Q x ,7r a ). 

When r* : f2 x — > Q x leaves 7r CT invariant, mixing of order m = 2 implies the ergodicity 
of t*, i.e. F o = F holds a.s. if and only if F is constant, or equivalently by the 
ergodic theorem, 

1 n 

hm - VFor, fc = £[F], 

n->oo n — ' 
k=l 

for all F G L 1 ^*,^), cf. e.g. Theorem 2.4 page 1193 in pp. 

In [13] , necessary and sufficient conditions for the ergodicity and mixing of all orders of 
deterministic transformations r : X — > X of X have been obtained using the moment 
generating function of Poisson random measures, cf. also [2] for the Gaussian case. 
Precisely, it is shown in Theorem 4.8 therein that r* : Q x — > Q x is mixing of all 
orders m > 2 if r : X — > X is of zero type, i.e. 

lim (h,hoT n ) L 2 iX ) = 0, 

n->oo 

for all h G L 2 a (X). 

In Theorem 13.11 below we show that an interacting transformation r : Q x x X — > X 
is mixing of all orders provided the family of transformations : £l x x X — > £l x , 
n G N, inductively defined by t^°'(lo,x) := x and 

T {n \uj,x) :^T {n - 1 \nu,r(u,x)), n>l, (1.5) 

oj G £l x , x G X, satisfies the zero- type condition 

lim (g,h o T W) L 2 (X) = Q 

in probability for all g,h G C C (X), as well as the cyclic gradient condition (13. ip below 
that plays the role of an adaptedness condition in the absence of time ordering. 
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Our proof uses covariance identities for polynomial functionals of stochastic integrals 
with random integrands, cf. [12]. Related arguments have been applied on the Wiener 
space using the Skorohod integral, cf. [9], [H], [T5j . 



This paper is organized as follows. In Section [2] we recall some recent results on 
moment identities for Poisson stochastic integrals and derive some related covariance 
identities. 

In Section [3] we present our main result on the mixing property of interacting trans- 
formations. In Section [4] we consider a family of examples based on transformations 
conditioned by the random boundary of a convex Poisson hull. The invariance of 
such transformations with respect to the Poisson measure is consistent with the in- 
tuitive fact that the distribution of the inside points remains Poisson when they are 
shifted within its convex hull according to the data of the vertices, cf. the unpublished 
manuscript jl]. The appendix Section [5] contains two technical lemmas. 



2 Moment identities for Poisson stochastic inte- 
grals 

In this section we recall some preliminary results on moment identities for the Poisson 
stochastic integral J x u(x,u)u(dx) of a random integrand u : X x Q x — y R. Let 
£ t 1 ,...,x k denote the addition operator defined for all u e Q x and x±, . . . , Xf. G X as 

i^) = ^u{n,.,n}), 

for any random variable F : Q x — > R. Given u : X x Q x - 
process, we define the Poisson stochastic integral of u as 



X a measurable 



/ u(x,cu)cu(dx) = ^^u(x,u) 

J X xSoj 



provided the sum converges absolutely, n a (du)-a..e. 

Proposition 2.1 (ffi^. Proposition 3.1) Let u : X x Vt x 
process. We have 



E 



u(x, u)u(dx] 



x 



X be a measurable 



(2.1) 



k=l B?,...,B% 



(^ |jB?I (^i, w) u lB ^{x k , u))a(dxi) ■ ■ ■ a(dx k ) 



where the sum runs over all partitions B™, . . . , B% of {1, ... ,n}, with cardinality \B™\, 
for any n > 1 such that all terras in the right hand side of ( 12. lft are integrable. 

Proposition 12.11 is proved in [12] using the moment identities of [TTJ for the Skorohod 
integral on the Poisson space, and it also admits a direct proof by induction based on 
the Mecke identity, cf. Theorem 3.1 of [5]. 

Let now D denote the finite difference gradient defined for all u G fl x and x G X as 

D x F(u) = etF(u) - F(u) = F(u U {x}) - F(u), 
for any random variable F : Q x — y R, cf. e.g. Theorem 6.5 page 21 of [7], and let 
D e = Y[D Xi , 9c{l,.,n}, x u ...,x n eX. (2.2) 

The next moment identity is a corollary of Proposition 12.11 

Corollary 2.2 Let u : X x Vt x — y X be a measurable process such that 



D Xl u(x 2 , u) - ■ ■ Dx^uixk, u)D Xk u{xi, u) = 0, 



(2.3) 



uj G Q , Xi, . . . , X). G X, 2 < k < n. We have 



E 



u(x, u)uj(dx] 



X 



(2.4) 



E E * 

k=l Bf,...,B£ 



D @ (u ib " 1 (x u uj) ■ ■ ■v} B ^{x h ,u))a(dx x ) • ■■a{dx h ) 

0C{l,...,fe} 



where the sum runs over all partitions B™, . . . , B^ of {1, ... ,n}, for any n > 1 such 
that all terms in either side of (12.41) are integrable for \u(x,u)\. 

Proof. Relation (12.31) implies that 



D Xl u^\x 2 ,u)---D Xk _ 1 u^\x k ,u)D Xk u^\x 1 ,u) = 0, 
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uj G Vt x , Xi,...,Xk G X, 2 < k < n, and since the operator D x acts by finite 
differences we have 

ec{i,...,fe} 

= De(u™(x u uj)---u^\x k ,uj)), (2.5) 

ec{i,...,fc} 

by Lemma 15.11 in the appendix, and we conclude by Proposition 12.11 □ 

Note that Condition (12. 6 j) holds in particular when the process u(x, uj) is exvisible ([3]), 
cf. Proposition 5.3 of [5]. In particular, ( 12.61) is known to hold when r : Q x x X — > X 
is predictable with respect to a total binary relation ^ on X, which is the case in par- 
ticular when X is of the form X = R + x Z and r : Q x x X — > X is predictable with 
respect to the canonical filtration (J-t)teR+ generated on X = R + x Z, cf. Section 4 

of nu. 

By taking u(x,cu) = h(x,r(x,u))), h G C C (X), Corollary 12.21 implies the following 
invariance result on the Poisson space which provides sufficient conditions ensuring 
that r* : Q x — > fl x leaves ix a invariant, cf. Theorem 3.3 of [UJ and |1U] . 

Corollary 2.3 Assume that for all u G Q x the random transformation t(oj, •) : 
X — > X leaves o~(dx) invariant and satisfies the cyclic condition 

D Xi t(u,x 2 )---D Xi _ 1 t(uj,Xi)D Xi t(uj,Xi) = Q, uj G Q x x u . . . , x t G X, (2.6) 

I > 2. Then r* : Q x — > Q x leaves 7r a invariant, i.e. T*7r a = ir a . 

3 Mixing of interacting transformations 

Theorem 13.11 is the main result of this paper. 

Theorem 3.1 Assume that r(cu, •) : X — > X leaves o~(dx) invariant for all uj G Q x , 
and 

D Xi tV»\u>, x 2 ) • • • D xi _^\u, Xl )D Xl r^(u), x x ) = 0, (3.1) 
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X\, . . . , Xi G X , u G VL X , ki, . . . , ki > 1, I > 2. Then the measure-preserving transfor- 
mation r* : Q x — y Q x is mixing of all orders m > 1 provided the zero-type condition 

lim (g,ho T {n) ) = (3.2) 

n— >oo 

is satisfied in probability for all g,h G C C (X). 

When r : X — > X is deterministic, Condition (13.1 p is always satisfied and we have 
r (n) (w, x) = r n (x), cu G tt x , x E X, n > 1, 



hence Theorem 13 . 1 1 recovers the classical mixing conditions on the Poisson space as it 
suffices to state Condition (I3.2p for g = h, in which case it becomes equivalent to the 
zero-type condition 



lim(M°T n W) = 0, heC c (X), 



cf. Theorem 4.8 of 1131. 



Proof of Theorem \3.1\ Let k^ n := pi n +- ■ -+Pi 



1, . . . , m, where (pi, n )n>i, • • • , (p 



m,nm>l 



is a family of m strictly increasing sequences of integers. Consider hi,...,h m G 
C C (X) nonnegative functions bounded by 1, and l±, . . . , l m > 1. By Relation (15. 2 p of 
Lemma [5.21 we will compute the joint moments 



E 



hi(x)u{dx) o r* 1 



A 



/i. m (x)w(rfx) or* 



X 



(3.3) 



/ii(r^(a;,x))a;(da;) 



A 



h m (T i ~ km ' n \u,x))uj(dx) 



X 



We note that by (13. ip we have 

D Xl h a2 {r^\u,x 2 )) ■ ■ ■D Xm _ 1 h am (T^\u,x m ))D Xm h ai (T^\u,x 1 )) = 0, 

for all ki , . . . , k m > 1 , G {l,...,m}, m > 2, hence using polarization, 

Corollary 12.21 can be used to express the joint moment (13.31) as a finite sum of terms 
of the form 



E 



I D e ( H /^T (fe ^ Wi)) " " • II h l ^(r^(oj,x k ))\ a{dx 1 ) - ■ ■ a(dx k 
Jxk \hePi ikdPk / 

(3.4) 



ik&Pk 
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where Pi, . . . ,P k is a partition of {1, ... , m}, li til , . . . , l kjik > 1, and 6 = {1, ...,/} C 
{1,.. .,&-!}. 



Next, in case P k = {i k } is a singleton, we have 

h l ^(r^(u,x k ))a(dx k ) = [ h l ^{T^- l \T^,r{u,x k )))a{dx k ) 



x 



X 



h l l k ^(r^- 1 \nu,x k ))a(dx k )= I h l ^{T{r^ n *u,x k ))a{dx k ) 



x 



x 



hf'^ix^aidxk), 



x 



(3.5) 



for any u C uj U ie e {xj} G where we applied induction on 1, . . . , k iktTl . In that 
case the integration in a(dx k ) can be removed from H3.4[) since (13. 5 p is a constant. If 
{1, . . . , fc — 1} \ O is still non empty we can repeat this procedure by decrementing k 
inductively until either P k = {i k } is not a singleton, or all remaining integration vari- 
ables in (13 .4p become indexed by 0. In the latter case, (13 ,4p will vanish by Lemma IBTTI 
in the appendix, as in the proof of Corollary 12.21 



Otherwise, if P k contains at least two distinct indices a, b with 1 < a < b < m, we 
have 

[ /i i (r ( ^> ) (o;,x fe ))c7(dx fe ) < / h a (r^ n \u, x k ))h b (r^\u, x k ))a(dx k ) 



x 



h a (j{ka,u 1 )( T tU,T{u> 1 X k )))h b {T ( - kb >» V(T*U,T(u,X k )))(T{dx k ) 

hair^^inu, x^hir^^inu, x k ))a(dx k ) 

X 

h a (x k )h b (T ikb ' n - ka ' n) (r^' n ou,x k ))a(dx k ) < / h a (x k )a(dx k ), (3.6) 
'x Jx 

for all lo G Q x , where we applied induction on 1, ... , k b)Tl — /c a n as in (13. 5p . This shows 

that 

[ /i i (r ( ^' l) (w,x fe ))a(cia; fc ) 



E 



x 



jePk 



< E 



K(x k )h b (r^ n ka ^\r k ^uj,x k ))a{dx k ] 



x 



E 



h a (x k )h b (T {kb ' n ha ' n) (u, x k ))a{dx k ) 



x 



which tends to zero in probability by (13.21) since h a has compact support and k^ n — k a ^ n 
tends to +00 when n tends to infinity, hence 

X j€Pr 

converges to in L P (Q X ) as n tends to +00, for all p > 1. To conclude, we rewrite 
(13. 4p as a linear combination of terms of the form 

/ 4 ( II h l ^(r^) {ujjXl ))... Yl h^(r^\^x k )))a(dx 1 )---a(dx k ) 
Jxk ViiePi i k €P k J 

9 = {1, ...,/} C {1, . . . , k — 1}, and applying (12. ip for first moments we get 

A' 



E 



E 



[ 4 ft X\^(T^(u,x j y)\a(dx l )---a(dx k ) 

f x „ e *\m (j\ (ll j o J (dx 1 )cr(dx 2 )---a(dx k ) 

Jem (l x fl ( II ^V*'""Wi)) ] ^0 ] a(dx 2 )-.-a(dx k ) 



= E 



j=i \uePj 



-E 



and after inductively exhausting all elements of |G| by repeating the above argument, 
we find that (13. 4p rewrites as a linear combination of terms of the form 



E 



n / n ^(T^^xAMdxt)) ft / n A 

J=i Jx i j eQ j J \j=l+l Jx ij&Qj 



(3.7) 

1 < I < k', where {Qi, . . . ,Q k '} is another partition of {1, . . . , m} with Q k > = P k . 
Denoting by K C X a compact containing the supports of hi, . . . , h m , the first I terms 
in (13. 7p are all bounded by 



X 



1/f (t^'" ^(t*u;, t(u, Xj)))u(dx) 



x 



= / l if (r (fei f' l-1) (T*a;,x j ))T*a;(o?x), (3.8) 
Jx 

which has S a m e distribution a, f 1 k (t^, X )M<, X ) since r, : 0* V leaves 

Jx 

the Poisson measures 7r CT invariant by Corollary 12.31 By induction on 1 , . . . , ki . >n this 

shows that (13. 8p has the Poisson distribution of / ~\-K{x)oj(dx) = <jj{K) with pa- 

Jx 

rameter <r{K) < oo and finite moments of all orders. In addition the terms of rank 
j = I + 1, . . . , k' — 1 in ( 13.71) are uniformly bounded in n as in ( 13. 51) or ( 13. 61) . and 
as noted above the last term of rank k' converges to in L P (Q X ), hence by Holder's 
inequality all terms of the form ( 13. 4ft tend to as n tends to infinity unless Pj is a 
singleton for all j = 1, . . . , k — m. 



We have shown that all cross terms in ( 13 .41) vanish asymptotically, hence by (I3.5P we 



can write 



lim E 



hi(x)u(dx) o r^' n 



x 



h m {x)u(dx) o T> 



A 



E-E E - E 

k 1= l k m =l Bl,...,Bl iC {l,...,h} B™,...,B™ m C{l,...U} 

h)f ll (x)a(dx)-- 



x 



h^\x)a{dx) ■ ■ ■ / h^\x)a(dx) 
x Jx 



E 



hi(x)cu(dx] 



x 



■ ■ ■ E 



h m (x)u(dx] 



x 



h[ B f J (x)a(dx) 



x 



showing by (jl.4p that is mixing of all orders n > 1, by density in L 2 (f2,7r cr ) of the 
polynomials in J x h(x)uj(dx), h e C C (X). □ 



4 Examples 

We consider a family of examples satisfying the hypotheses of Theorem 13.11 based on 
transformations conditioned by a random boundary. We let X = R d with norm || • || 
and for all uj e fl x we denote by u e C cu denote the extremal vertices of the con- 
vex hull of uC\B(0, 1). We also denote by C(u) the convex hull of u, with interior C(oj). 
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Consider a mapping f : Q x x X — > X such that for all u G Q x , t(w, •) : X — s> X 
leaves X\C(u e ) invariant (including the extremal vertices u e of C(u e )) while the points 
of C(cu e ) are shifted depending on the data of u e , i.e. we have 

{f(u e ,x), xeC(u e ), 
(4.1) 
x, xeX\C(co e ). 

As shown in Proposition 14. II below, such a transformation satisfies the cyclic condition 

( 12. 6 p hence by Corollary 12.31 the mapping f* : Q x — > Q x leaves n a invariant. The 

next figure shows an example of behaviour such a transformation, with a finite set of 

points for simplicity of illustration. 




Using the mapping f : Q x X — > X, we will build examples of interacting trans- 
formations r : Q x x X — > X that satisfy Conditions (13. ip and ( 13. 2 p . 

Cyclic condition (13.11) 

Proposition 4.1 Given f : Q x x X — > X defined by (14. 1ft . the transformation 

r :Q X xX — > Q x 

(u,x) i—)- r(w,x) := f(r(uJ,x)) (4.2) 

satisfies the cyclic condition ( 13.11) /or a// bijective deterministic dilations f : X — > X 
that preserve set convexity. 

Proof. In order to check that ( 13. ip holds for all m > 1 and k > 2, we note that by 
induction onn > 1 we have 

r (n) (w,x) = r (n) (w e ,x), x£l, (4.3) 
11 



i.e. t^(u,x) depends only on the points in u e . Indeed this property is satisfied for 
n = 1 by (14.11) and we have 

r^ +1 ) (w, x) = fW (r,w, r(w, x)) = rW((r» W ) e , r(w e , x)), 

while the positions of the points in (r*u;) e themselves depend only on oj e . On the other 
hand we can also show by induction that 

t^(u;,x) = P(x), xeX\C(cu e ), (4.4) 



uj G Q x , x G X. Indeed this condition is satisfied for n = 1 by (14. ip and (I4.2p . Now 
since / : X — > X preserves set convexity we have 

C((r,w) e ) C C{fM) C /(C(w e )), 

because f(C(uj e )) is convex and contains f(oj e ), hence 

r(w,x) G C((r*o;) e ) =>> t(uj,x) G f{C(u e )) t(u,x) G C(w e ) =>• x G C(u e ), 

i.e. 

x G X \ C(w e ) t(u, x) = /(x) G X \ C((r*oj) e ), (4.5) 
w G x G X. Therefore, assuming that ( 14. 4 p holds at the rank n > 1 we get 

r^ +1 \co,x) = r (n) M,r( U ,x)) = f n (r(u,x)) = f n+1 (x), 

which implies (I4.4p at the rank n+1. We can now conclude as in [TT] , using Lemma 4.1 
therein and the binary relation 

x V -<=>- x G C(w U {y}), lu £ £l x , x,y G X, 

that the cyclic Condition (13. ip is satisfied, i.e. we have 

D xi r™{u, x 2 ) • ■ ■ D Xm ^ k -\u, x m )D Xm T^\u, Xl ) = 0, 

for any x\, . . . , x m G X and k\, . . . , k m > 1, m > 2, as follows: 

(i) Assume that there exists 2 G {l,...,m} such that Xj G C(oj 6 ). Then for all 
j = 1, . . . , m we have Xj ^ Xj and by ( 14. 3 p above and Lemma 4.1 in [11] we 
get D Xi T^{u,Xj) = 0, thus (EHJ) holds. 
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(ii) Assume that Xj ^ C(cu e ) for all i = 1, . . . , m and X\ -< u x m -< u • • • ^ x 2 diu 

Then by transitivity of ^ u we have X\ ^ u x m ^ w x%, of which implies X\ = 
x m C(tu e ) by antisymmetry of ^ on X\C(u) e ), hence D Xm T^ km >{uj, x±) = by 
(jOD , and (EJ) holds. 

(iii) Assume that a?j ^ C(a; e ) for all z = 1, . . . , m and there exists i G {1, . . . , m} such 
that Xi + i mo d m 2^ ^i- Then by Lemma 4.1 of [II] we have D Xi t^(u, x i+ i mod m ) = 
0, which shows that the cyclic Condition (13. ip is satisfied. 

□ 

Zero-type condition (I3.2p 

In order to satisfy the zero-type condition (13. 2p we can assume for example that 
r : Q x x X — > X satisfies a random dilation property 

||r(w,x)|| >C(w)||x|| a , cuett x , xe~R d , (4.6) 

for a random variable 

C : fl X (l,oo). 

In this case, for any g,h G C C (X) with support in 5(0, r) for some r > 0, we have 

\im(g,hor^) L 2 (x) =0, uj G Q x , 

n— >oo 

because the support of x i — ^ h(r^ n '(oj, x)) is in 5(0, C~ n (u;)r) by construction, for 
all u G 

Condition (14. 6p holds in particular when / : R d — > H d in (I4.2p satisfies 

||/(x)|| > r||z||, x G R d , 
for some r > 1, and f : Q x x X — > X satisfies 

||f(w,x)|| > c(w)||x||, cu G Q x , x G R d , 
for some r > 1 and c : f2 x — > (0, 1] such that inf wg ^x c(cj) > 1/r. 
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For example in case f(x) = rUx, x G R d , where r > 1 and U : R d — > R d is a linear 
isometry, the intensity measure o~(dx) := ||a;||^ d <ia; is invariant by / : R d — > R d , and 
if c(oj) = 1, the measure-preserving mapping f(oj e , •) : X — > X can be built from any 
isometric transformations of C(u e ). This includes for example any random rotation 
within a (random) disk contained in C(u e ). 

In order for the zero-type condition (13. 2p to hold it suffices in fact that 

lim ||r (n) (w,x)|| = oo, u G Q x , 

n—too 

for all x G R d . 

5 Appendix 

We quote the following lemma which has been used in the proof of Corollary \2.2\ cf. 
also Lemma A. 2 of [TTj . 

Lemma 5.1 Assume that u : Q x x X — > R satisfies the cyclic condition 

D Xl u(x 2 , u) ■ ■ ■ D Xk ^u(x k ,u)D Xk u(xi, u) = 0, u G Q x , xi,...,x k eX, (5.1) 

for all k > 2. Then for every family {©i, . . . , ©&} of subsets such that 0i U • • • U0& = 
{1, . . . , k}, we have 

D ei w(xi, uj) ■ ■ ■ De k u(x k , u) = 0, 
u G Q x , Xi, . . . ,Xf. G X, k > 2, where Dq is defined in {\2.2\i . 

Proof. Choosing ai G ©i U ■ • • U ©^ we can construct a sequence (a 2 , . . . , a k ) by 
choosing 

a 2 G 0i, a 3 G 2 , . • . , a fc _i G fc _ 2 , 
until a k := a\ G 0fc-i- Hence by (15.1 j) we have 

^M^i.wl^H^.w) • • •- D x afc _ 1 u ( a; a fc _ 2 ,w)D a . 1 u(x 0fc _ 1 ,a;) = 0, 
by (15. ip . which implies 

D 01 w(x oi ,a;)£)0 2 u(x a2 ,a;) • ■■De t _ 2 «(i at _ 2 ,u)De t _ 1 «(i ai _ 1 ,u) = 0, 
since (a 2 , . . . , a fc _i, ai) G ©i x • • • x Q k -i- □ 
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The following lemma has been used in the proof of Theorem 13.11 

Lemma 5.2 Let r : Q x x X — > X be a measurable mapping. For all h G C C (X) we 
have 

(j h{x)uj{x)\ o T ™ = J h(^ n \cj,x))cj(dx), n>0, (5.2) 
provided h o G x X, 7r a ® a), k — 1, . . . , n. 

Proof. The statement (15. 2 p clearly holds for n = and we extend it by induction to 
all n > 1. Assuming that (15. 2p holds at the order n > 0, we have 

^ li(x)u(x)j or; +1 = (J h(r^(u,t))u(dt^j or, 

= / /i(rW(r tW ,t))r t a;^)= / h{r^ n \nuj, r(u, t)) )u{dt) = [ h{^ n+1) {u,t))u{dt). 
Jx Jx Jx 

□ 
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